We provide an analytical derivation of the thermo-electric transport coefficients of the simplest momentum-dissipating model in gauge/gravity where the lack of momentum conservation is realized by means of explicit graviton mass in the bulk. We rely on the procedure recently described by Donos and Gauntlett in the context of Q-lattices and holographic models where momentum dissipation is realized through non-trivial scalars.
Introduction and conventions
The purpose of the present letter is to provide an analytic derivation of the DC thermoelectric transport coefficients for holographic models with massive gravitons in the bulk. These formulae were recently proposed on the basis of numerical computations in [1] . Holographic models featuring momentum dissipation due to specific scalar field setups have been treated analytically in [2] . As suggested by the authors of [2] , the same analytical approach can also be exported to holographic models where the momentum dissipation is simply realized by means of explicit mass terms for the bulk gravitons. In line with this hint, we apply the method of [2] to provide an analytic derivation of the formulae emerged from the numerical analysis of the thermo-electric transport of the holographic massive gravity model proposed in [3] .
The approach described in [2] to compute the DC thermo-electric response is based on the analysis of quantities which do not evolve from the IR to the UV. In other words, it relies on a "membrane paradigm" [4] for massive gravity bulk models. The analytic results corroborate our previous numerical results about the behaviour of the DC transport coefficients which were inspired by field theoretical expectation for systems featuring elastic scattering due to impurities [5] .
In order to fix the conventions, let us recall the main properties of the massive gravity model which we have analyzed in [1] (previously studied in [3, 6, 7] ) 1 . The bulk action of the model is
where β is an arbitrary parameter having the dimension of a mass squared 2 . The matrices K µ ν and (K 2 ) µ ν are defined in the following way:
The small square brackets in (1.1) represent the trace operation and f µν is a non-dynamical fiducial metric which explicitly breaks the bulk diffeomorphisms along the spatial x, y directions 3 . In (1.1) we added to the bulk action two boundary terms. The first one is the usual Gibbons-Hawking term, expressed in terms of the induced metric (g b ) µν and the trace K of the extrinsic curvature K µν on the manifold z = z U V 4 , which is necessary to have a well-defined bulk variational problem; the second one is a counter-term necessary in order to make the on-shell action finite. This model admits black-brane solutions corresponding to the following radial ansatz
where γ = κ 4 /q and z h is the horizon radius defined by f (z h ) = 0. In (1.3) µ is the chemical potential associated to the charge density ρ. The other thermodynamical quantities, namely the temperature T , the energy density E, the pressure P and the entropy density S are (see [1] )
We underline that holographic massive gravity models as well as other specific setups (e.g. [8, 9] ) realize momentum dissipation while preserving the homogeneity of the bulk differential problem. This leads to the noteworthy technical advantage of dealing with ordinary differential equations instead of partial differential equations.
The electric conductivity and the Seebeck coefficient
Due to the isotropy of the system we are allowed to consider just perturbations in the x direction without loss of generality. Then the static electric conductivity σ DC and the Seebeck coefficient s DC are defined in terms of the electric field E x , the charge density current J x and the heat flow Q x in the following way
The definitions (2.1) imply that, in order to compute σ DC and s DC , we must consider non-zero electric field and vanishing thermal gradient. Inspired by [2] , we turn on the following fluctuating components
where the temporal dependence of the 4-potential a µ corresponds to a constant electric field E along x and with h we denote fluctuations of the metric components. The set of coupled linearized equations of motion for the fluctuating fields arẽ
Note that equation (2.6) forh zx can be solved algebraically and, recalling the explicit expression of the emblackening factor f (z) given in (1.3), the solution can be expressed as followsh
In order to completely determine the solution of the remaining two equations (2.5) and (2.7), we have to provide suitable boundary conditions for the fluctuation fields h tx (t, z) and a x (t, z) at the conformal boundary z = 0 and at the horizon z = z h . At the horizon we require the regularity of the fluctuations; this requirement can be easily fulfilled by switching to the Eddington-Finkelstein time coordinate 9) leaving untouched all the other coordinates. From the IR regularity requirement for all the metric components in the new coordinate system we derive the behavior ofh tx at the horizon, namelyh
An analogous regularity requirement at the horizon applied to the gauge field yields
Considering the conformal boundary located at z = 0, we have to furnish boundary conditions in such a way that the dual system has an external electric field and vanishing thermal gradient. Given the ansatz (2.2), the large-z leading behavior of the fluctuating field a(t, z) corresponds to a constant electric field E. According to the standard holographic dictionary, the coefficient of the subleading fall-off in z of the field a(t, z) corresponds to the charge density current J x ; namelyã x ∼ J x z at large z. Regarding the metric fluctuationh tx , from equation (2.5) it is easy to see that it has two independent behaviors in the near-boundary region, i.e. z and z −2 . Imposing that there are no sources associated to thermal gradients corresponds to setting to zero the coefficient of the leading z −2 term. All in all, the set of boundary conditions that we have just illustrated determines the solution of the differential equations (2.5) and (2.7) completely.
In order to compute the DC transport coefficients it is fundamental to note that there are two linear combinations of the fluctuations which are independent of the coordinate z and are respectively related to the charge density current and the heat current. The first conserved current isJ
with µ = t, x, y. Given the ansatz (2.2), the only non-zero component of the Maxwell equation
states thatJ x is independent of the radial coordinate z and it assumes the following explicit form in terms of the fluctuating fields
Relying on the "radial conservation" we can computeJ x both at the horizon z = z h and at the boundary z = 0 knowing that the two results must correspond. Computing it at z = 0 and recalling the above-mentioned UV behaviors, it is possible to see that this quantity is actually the charge density current J x of the dual field theory. Then, evaluating (2.13) at z = z h we find:
14)
The electric conductivity σ DC is now easily computed by means of (2.1),
which corresponds exactly with the analytical expression found in [7] . The second conserved quantity which is related to the heat current is more subtle to identify; as noted in [2] it is associated to the existence of the Killing vector k = ∂ t and it assumes the following form:
where in the second passage we gave an explicit expression ofQ in terms of the fluctuation fields. EvaluatingQ on the equations of motion (2.5) and (2.7) and keeping into account the particular form of the background quantities f and φ (1.3), one has that ∂ zQ = 0. NamelyQ is radially conserved. The quantityQ coincides with the heat current in the x direction Q x = T tx − µJ x of the dual field theory. Since J x is constant along the radial direction and φ(0) = µ, the term φ J x reduces to µ J x when evaluated at the conformal boundary. Moreover, it is not difficult to see that
∇ z k x coincides with the linearized tx component of the stress-energy tensor of the dual field theory 5 evaluated at the conformal boundary z = 0, namely
Having associated the quantityQ with the heat flow, the Seebeck coefficient is straightforwardly obtained evaluatingQ at the horizon z = z h and relying on the IR behavior of the fluctuating fields. We obtain
To have an explicit expression of the stress-energy tensor we refer for instance to [10] Both the expressions for the DC electrical conductivity (2.15) and the Seebeck coefficient (2.18) obtained here with an analytical computation along the lines described by [2] coincide with those found in [1] using numerical methods.
Thermal conductivity and Onsager reciprocity
The thermal conductivityκ DC is defined as
Symmetrically to what we have done in the previous Section, to compute this quantity we must consider a thermal gradient at vanishing electric field. To this end, we rely on the elegant method described in [2] (to which we refer for further details on the origin of the method); we consider the following set of fluctuations
Note that, following the standard holographic prescription (see for instance [11] [12] [13] ), the coefficient α 2 corresponds to the thermal gradient −∇ x T /T . It actually represents the thermal source dual to the boundary value of the h tx bulk field. Considering the ansatz (3.2), (3.3) and (3.4), one finds that the equations of motion for h tx andã x are the same as those given in Section 2, namely (2.5) and (2.7). The equation forh zx looks slightly different but is still algebraically solvable; its solution being
As regards the boundary conditions, the regularity of the fluctuations at the horizon, in this case, implies that
a linear time-dependent term (which is of no importance in computing the DC response) if evaluated on the ansatz (3.2)- (3.4) . This is exactly what we expected since the present analytical approach computes directly the finite real part of the DC transport coefficients, corresponding in principle to an ω → 0 limit of the corresponding optical quantities.
Conclusions
In the present letter we have computed analytically the DC thermo-electric transport coefficients for holographic models featuring momentum dissipation realized by explicit graviton mass in the bulk. We followed precisely the method illustrated in [2] and applied it to the holographic model first introduced in [3] . In terms of the thermodynamical quantities given in (1.4), the transport coefficients read
where
represents the scattering rate found in [6] . Such explicit expressions coincide with those found in [1] relying on a numerical analysis. The physical interpretation and discussion, the validity of the hydrodynamic regime and the relation between this model and the results for Dirac fermions studied in [5] are therefore the same as described in [1] to which we refer. The future perspective are manifold. All the extensions of the simplest massive gravity holographic model could be addressed from the "membrane paradigm" standpoint developed in [7] and [2] . The hope being to extend the analytical reach in the context of holographic systems featuring momentum dissipation.
